Graph Convolutional Networks (GCNs) have shown very powerful for graph data representation and learning tasks. Existing GCNs usually conduct feature aggregation on a fixed neighborhood graph in which each node computes its representation by aggregating the feature representations of all its neighbors which is biased by its own representation. However, this fixed aggregation strategy is not guaranteed to be optimal for GCN based graph learning and also can be affected by some graph structure noises, such as incorrect or undesired edge connections. To address these issues, we propose a novel Graph mask Convolutional Network (GmCN) in which nodes can adaptively select the optimal neighbors in their feature aggregation to better serve GCN learning. GmCN can be theoretically interpreted by a regularization framework, based on which we derive a simple update algorithm to determine the optimal mask adaptively in GmCN training process. Experiments on several datasets validate the effectiveness of GmCN.
Introduction
Recently, Graph Convolutional Networks (GCNs) have been commonly studied to deal with graph representation and learning problems, such as semi-supervised learning, graph embedding, data clustering and so on [3, 10, 20, 21, 19, 24] .
One main aspect of GCNs is to develop a kind of specific and effective graph convolution operation in their layer-wise propagation. Existing GCNs can generally be categorized into spectral and spatial methods. Spectral methods aim to define graph convolution based on spectral representation of graphs. For example, Bruna et al. [1] define graph convolution based on the eigen-decomposition of graph Laplacian matrix. Henaff et al. [6] define graph convolution by further introducing a spatially constrained spectral filter. Defferrard et al. [3] propose to define graph convolution by further approximating the spectral filters using Chebyshev expansion. Kipf et al. [10] propose a simple Graph Convolutional Network (GCN) for semi-supervised learning by exploring the firstorder approximation of spectral filters. Different from spectral methods, spatial methods focus on defining graph convolution by designing a specific aggregation function that aggregates the features of neighboring nodes. For example, Li et al. [17] present an adaptive graph CNNs. Monti et al. [15] propose a unified mixture model CNNs (MoNet) for graph data analysis. Hamilton et al. [5] present a general inductive representation and learning framework (GraphSAGE) for graph embedding. Veličković et al. [20] propose Graph Attention Networks (GAT). Petar et al. [21] propose Deep Graph Infomax (DGI) which provides a general unsupervised graph representation. Jiang et al., [7] propose Graph Diffusion-Embedding Network (GEDNs) which proposes to integrate the general graph diffusion into graph convolution operation. They recently [8] also propose Graph Optimized Convolutional Network (GOCN) by integrating graph construction and convolution together. Klicpera et al. [11] propose to combine GCN and PageRank together to derive an improved propagation scheme in layer-wise propagation.
In general, the graph convolution operation in the above GCNs can usually be regarded as a composition of feature aggregation/propagation and feature transformation. Existing GCNs generally conduct feature aggregation on a fixed structured graph in which each node obtains its representation recursively by aggregating/absorbing the feature representations of its all neighbors. However, this fixed 'full' aggregation strategy may be not guaranteed to be optimal for GCN based graph learning tasks. Also, it can be affected by the graph structure noises, such as incorrect or undesired edge connections.
To overcome these issues, we propose Graph mask Convolutional Network (GmCN) for graph data representation and learning. The main idea behind GmCN is that it learns how to aggregate feature information selectively from a node's local neighborhood set. Specifically, in graph mask convolution (GmC) operation, each node can adaptively select the desirable/optimal neighbors from its full neighborhood set to conduct feature aggregation, which allows GmC to better serve the final graph learning tasks. GmC is achieved by employing an adaptive and learnable mask guided aggregation mechanism. More importantly, to determine the optimal selection mask in GmC, we derive a new unified regularization framework for GmC interpretation and thus develop a simple update algorithm to learn the optimal mask adaptively in GmCN training process. Overall, the main contributions of this paper are summarized as follows:
• We propose a novel graph mask convolution (GmC) operation which simultaneously learns the topological structure of each node's neighborhood for feature aggregation as well as the linear (or nonlinear) transformation for feature representation. • We develop a unified regularization framework for GmC interpretation and optimization.
• Based on the proposed GmC, we propose Graph mask Convolutional Network (GmCN) for graph node representation and semi-supervised learning.
Experiments validate the effectiveness of GmCN on semi-supervised learning tasks.
Revisiting GCN
In this section, we briefly review the widely used GCN model proposed in work [10] . Given a set of node features H = (h 1 , h 2 · · · h n ) ∈ R n×d and graph structure A ∈ R n×n , GCN [10] defines a kind of graph convolution as,
where D is a diagonal matrix with elements D ii = j A ij and Θ ∈ R d×d is a layer-specific trainable weight matrix. Intuitively, the graph convolution operation Eq.(1) can be decomposed into two operations, i.e., S1 : U =ÂH + H,
The operation S1 provides a kind of feature aggregation on normalized graphÂ while operation S2 presents a transformation for node features. Recent works [11, 12, 7] also suggest to employ a more general T -step truncated random walk model to conduct feature aggregation in step S1 as
where t = 1, 2 · · · T and U (0) = H, and parameter α ∈ (0, 1) balances two terms. When t = 1, Eq.(3) degenerates to Eq.(2) by ignoring the weighting parameter α.
In each hidden layer of GCN, an activation function σ(·) is further conducted on H to obtain nonlinear representations. For node classification task, a softmax activation function is further used in the last layer to output the label predictions for graph nodes. The weight matrix Θ of each hidden layer is optimized by minimizing the cross-entropy loss defined on labelled nodes [10] .
Graph-mask Convolutional Network
In this section, we present our Graph mask Convolutional Network (GmCN) model. Our GmCN is motivated by the aggregation operation Eq.(3) or Eq. (2), which is further analyzed as follows. Let
where N i denotes the neighborhood set of the i-th node. From Eq.(4), we can note that in GCN layer-wise propagation, each node aggregates the feature information from its all neighboring nodes on normalized graphÂ (biased by its own feature h i ) to obtain the context-aware representation, and α ∈ (0, 1) denotes the fraction of feature information that the i-th node receives from its neighbors.
However, first, this fixed 'full' aggregation strategy may be not guaranteed to be optimal for GCN based specific learning tasks, such as semi-supervised classification. Second, this 'full' aggregation can be affected by the graph structure noises, such as incorrect or undesired edge connections, disturbance of edge weights and so on. To overcome these issues, we propose to adaptively select some desired neighboring nodes from its neighborhood set N i to conduct feature aggregation. This can be achieved by using the mask weighted aggregation model as
where M ∈ R n×n , M ij ∈ {0, 1} denotes the mask matrix in which M ij = 1 indicates that the j-th node in N i is selected and M ij = 0 otherwise. This mask matrix is learned adaptively, as discussed in Section 4 in detail. Based on this mask weighted aggregation, we then propose our Graph mask Convolution (GmC) operation as,
where U (0) = H and represents element-wise multiplication. Parameters {M, Θ} denote the layerspecific trainable mask matrix and weight matrix, respectively. Similar to GCN [10] , in layer-wise propagation, an activation function σ(·) is further conducted on H to obtain nonlinear representations. Note that, when T = 1, our GmC has a simple formulation as
Remark. In contrast to GCN which only has weight parameter Θ in each layer to conduct feature transformation, GmCN has two kinds of parameters {M, Θ} in which M is employed to select the desired neighbors for feature aggregation while Θ is used to conduct feature transformation. We will present the detail comparisons between GmCN and other related GCN works in Section 5. In the following, we first propose an effective algorithm to learn M. We summarize the complete architecture and parameter training of our GmCN network in Section 5.
Regularization Framework and Mask Optimization

Regularization framework
Our mask optimization is motivated based on re-interpretation of feature aggregation in GCN by using a regularization framework. Formally, we can show that, Eq.
(3) provides a T -step power iteration solution to the following regularization framework [7, 8, 23] 
where µ = 1 α − 1 is a replacement parameter of α. Tr(·) denotes the trace function and · F denotes the Forbnuous norm of matrix. Using this representation, we can thus derive a regularization framework for our GmCN (Eq.(6) or Eq.(8)) as
where γ > 0 and the last term is used to control the sparsity (number of non-zeros) of mask matrix M, i.e., larger parameter γ leads to more sparse M. From optimization aspect, the discrete constraints M ij ∈ {0, 1} make the problem be combinational and thus hard to be optimized. Therefore, we first relax the discrete constraints to continuous ones and solve
where 1 = (1, 1 · · · 1). Then, we utilize a post-discretization step to obtain the final discrete mask M, as summarized in Algorithm 1.
Mask optimization
The optimal M and U can be obtained alternatively conducting the following Step 1 and Step 2 until convergence.
Step 1. Solving M while fixing U, the problem becomes
It is rewritten as
Let Z =Â (UU T ), then Eq.(15) is equivalent to
This is a constrained projection problem which can be solved efficiently via a successive projection algorithm, as discussed in work [22] . The algorithm is summarized in Algorithm 1. Note that, in practical, we use a T -step truncated iteration to obtain an approximate solution. We will show this in Algorithm 2 in detail. 
Algorithm 1 Mask optimization
This problem can be solved approximately via a T -step truncated power iteration algorithm (Eq.(6)) [23] as follows,
where U (0) = H and α = 1 1+µ . One can also use a simple one-step iteration (T = 1) to obtain an approximate solution efficiently as,
which is similar to the feature aggregation used in GCN [10] .
5 GmCN Architecture
Layer-wise propagation
The overall layer-wise propagation of GmCN is summarized in Algorithm 2, where σ(·) used in the last step denotes an activation function, such as ReLU(·) = max(0, ·). Considering the efficiency of GmCN training, similar to [8] we employ a truncated iteration algorithm to optimize the M-problem approximately in GmCN architecture. GmCN can be used in many graph learning tasks. In this paper, we use it for semi-supervised classification. Similar to many other works [10, 20] , the optimal weight matrix Θ of each hidden layer in GmCN is trained by minimizing the cross-entropy loss via an Adam algorithm [9] which is initialized by using Glorot initialization [4] . for l = 1, 2 · · · L do 7:
Update M as
end for 9:
Discretize M as: Set M ij = 1 when M ij > , and M ij = 0 otherwise 10:
for t = 1, 2 · · · T do 11:
end for 13: end for 14: Return H = σ(UΘ)
Complexity analysis
The main computational complexity of GmCN involves mask M optimization and feature aggregation. First, in M-optimization, each update has a simple solution which can be computed efficiently. In particular, since 1 T 1 is a n × n matrix of ones, thus the computational complexity is O(n 2 ) in the worst case (for the dense graph). Second, we adopt a similar feature aggregation used in GCN [10] (as discussed in Section 3). Each update has the computational complexity as O(n 2 d) in the worst case, where d denotes the feature dimension of H. Note that, in practical, bothÂ and M are usually sparse and thus the computations of these operations become more efficient. Also, the maximum iterations {K, L, T } are set to {4, 3, 3} respectively and thus the overall propagation in GmCN is not computationally expensive.
Comparison with related works
First, in contrast to GCN [10] , the key idea behind GmCN is that it learns how to selectively aggregate feature information from a node's local neighborhood set and thus conduct both neighborhood learning and graph convolution simultaneously. Second, our graph mask convolution (GmC) has some similarities with graph attention aggregation (GAT) [20] . The main differences are follows. (1) GmC aims to select some neighbors for feature aggregation while GAT tries to assign different importances to nodes within the same neighborhood. (2) We derive a unified regularization framework for the mask optimization and feature aggregation. In contrast, in GAT, it employs a single-layer feedforward neural network for graph attention optimization. Third, neighborhood selection techniques in graph neural network training and learning have also been studied via some neighborhood sampling strategies [5, 2] . For example, in GraphSAGE [5] , it samples a fixed-size set of neighbors in feature aggregation. Chen et al [2] propose a more optimal sampling technique with convergence analysis in GCN training. Differently, in our GmCN, we derive neighborhood selection from a regularization framework and also conduct neighborhood selection and feature aggregation simultaneously in a unified manner.
Experiments
Datasets
We evaluate GmCN on five widely used datasets including Cora [18] , Citeseer [18] , Cora-ML [14] , Amazon Computers and Amazon Photo [13] . In Cora, Citeseer and Cora-ML, nodes denote documents and edges encode the citation relationships between documents. Amazon Computers and Amazon Photo are segments of the Amazon co-purchase graph [13] , in which nodes represent products and edges indicate that two products are frequently bought together. Each node is represented as bag-of-words encoded product reviews and its class label is given by the product category. The detail usages of these datasets are introduced below.
• Cora contains 2708 nodes and 5429 edges. Each node is represented by a 1433 dimension feature descriptor and all the nodes are falling into six classes.
• Citeseer contains 3327 nodes and 4732 edges. Each node is represented by a 3703 dimension feature descriptor and all nodes are classified into six classes.
• Amazon Computers contains 13381 nodes and 259159 edges. Each node is represented by a 767 dimension feature descriptor and all the nodes are falling into ten classes.
• Amazon photo contains 7487 nodes and 126530 edges. Each node is represented by a 745 dimension feature descriptor and all the nodes are falling into eight classes.
• Cora-ML contains 2810 nodes and 7981 edges. Each node is represented by a 2879 dimension feature descriptor and all the nodes are falling into seven classes.
Experimental setup
We use a two-layer graph convolutional network and the number of units in hidden layer is set to 16. Our GmCN is trained by using an ADAM algorithm [9] with 10000 maximum epochs and learning rate of 0.01, as suggested in [10] . The parameters {α, γ} are set to 0.8 and 0.001 respectively to obtain the best average performance. The maximum iterations {K, L, T } in Algorithm 2 are set to {4, 3, 3}, respectively.
Data setting. For all datasets, we select 10%, 20% and 30% nodes as labeled data and use the remaining nodes as unlabeled data. For unlabeled data, we also use 10% nodes for validation purpose to determine the convergence criterion, and use the remaining 80%, 70% and 60% nodes respectively as testing samples. All the reported results are averaged over five runs with different data splits of training, validation and testing.
Comparison with state-of-the-art methods
Comparison methods. We compare our GmCN method against some other recent graph neural network methods including DeepWalk [16] , Graph Convolutional Network (GCN) [10] , Graph Attention Networks (GAT) [20] , CVD+PP [2] , GraphSAGE [5] , APPNP [11] and Deep Graph Informax (DGI) [21] . For GraphSAGE, we use the mean aggregation rule. Note that, both GraphSAGE [5] and CVD+PP [2] also utilize neighborhood sampling techniques and thus are related with GmCN. The codes of these methods were provided by authors and we use them in our experiments.
Results. Table 1 -3 summarize the comparison results on these benchmark datasets. Overall, one can note that, GmCN obtains the best results on all datasets. In particular, we can note that (1) GmCN outperforms GCN [10] , demonstrating the effectiveness of GmCN by incorporating the proposed neighborhood selection and optimization in GCN training. (2) GmCN performs better than GAT [20] which utilizes an attention weighted feature aggregation in layer-wise propagation. (3) GmCN performs better than other sampling GNNs including GraphSAGE [5] and CVD+PP [2] . This demonstrates the more effectiveness of the proposed neighborhood selection technique on selecting the useful neighbors for GCN learning. (4) GmCN outperforms recent graph network APPNP [11] and DGI [21] , which demonstrates the advantages of GmCN on graph data representation and semi-supervised learning. 
Perturbation analysis
To evaluate the robustness of the proposed GmCN w.r.t. graph noises, we test our method on graph data with different perturbation noise levels. The perturbation is built as follows. We first randomly cut each edge and then connect each pair of randomly selected nodes with probability p. Thus, parameter p controls the level of structure perturbation. For each level p, we generate ten noisy graphs and then compute the average performances including both training and testing accuracy. As a baseline, we also list the results of GCN model on the same noise data. Figure 1 (b) shows the comparison results on Cora dataset. We can note that GmCN performs more robustly on noisy graph, which further demonstrates that the proposed mask selection mechanism is helpful for capturing important information and thus avoiding noisy graph information.
Conclusion
This paper proposes a novel Graph mask Convolutional Network (GmCN) for graph data representation and semi-supervised learning. GmCN learns an optimal graph neighborhood structure that better serves GCN based semi-supervised learning. A new unified regularization framework is derived for GmCN interpretation, based on which we provide an effective update algorithm to achieve GmCN optimization.
